Published by Institute of Physics Publishing for SISSA/ISAS Received: November 20, 2001 Accepted: March 8, 2002

The quantum Hilbert space of a chiral two-form in d = 5 + 1 dimensions

Måns Henningson

Institute of Theoretical Physics, Chalmers University of Technology S-412 96 Göteborg, Sweden E-mail: mans@fy.chalmers.se

Abstract: We consider the quantum theory of a two-form gauge field on a space-time which is a direct product of time and a spatial manifold, taken to be a compact five-manifold with no torsion in its cohomology. We show that the Hilbert space of this non-chiral theory is a certain subspace of a tensor product of two spaces, that are naturally interpreted as the Hilbert spaces of a chiral and anti-chiral two-form theory respectively. We also study the observable operators in the non-chiral theory that correspond to the electric and magnetic field strengths, the hamiltonian, and the exponentiated holonomy of the gauge-field around a spatial two-cycle. All these operators can be decomposed into contributions pertaining to the chiral and anti-chiral sectors of the theory.

Keywords: Field Theories in Higher Dimensions, M-Theory, Brane Dynamics in Gauge Theories.

© SISSA/ISAS 2002 http://jhep.sissa.it/archive/papers/jhep032002021 /jhep032002021 .pdf

Contents

1. Introduction 1

2. The phase space 3

3. The harmonic modes 5

4. The non-harmonic modes 8

1. Introduction

Giving a proper definition of the still rather mysterious interacting (2, 0) superconformal quantum theories in d = 5+1 dimensions [1, 2] appears as a major challenge for the future. These theories are quite interesting in their own right. (See e.g. [3] or [4] for a review.) They also seem to provide the right framework for gaining a better understanding of some aspects of N = 4 super Yang-Mills theory in d = 3 + 1 dimensions, to which they reduce upon compactification on a two-torus. Finally, the study of these theories could be viewed as an viable approach to the broader problem of understanding string and M-theory by studying them in a context in which the subtle conceptual difficulties of quantum gravity are absent.

At a generic point in its moduli space, an interacting (2, 0) theory can be described as a set of (2, 0) massless tensor multiplets strongly coupled to self-dual tensile strings that have acquired their tension by a mechanism somehow related to the Higgs mechanism for a spontaneously broken gauge symmetry. A possible approach to studying the interacting theory would thus be to first obtain a thorough understanding of the theory of free secondquantized tensor multiplets. One would then couple these, first to classical currents, then to currents from first-quantized tensile strings, and finally to currents from some secondquantized theory, possibly describing self-dual strongly interacting tensionless strings.

Already the first step in this programme, namely the quantization of a free tensor multiplet, is a rather subtle and interesting problem, in particular because of the chiral two-form gauge field (i.e. with self-dual three-form field strength) that is part of it. Such a field cannot be described by a covariant lagrangian in the ordinary sense, but it is by now generally agreed on that the quantum theory is still well-defined as a subsector of the quantum theory of an ordinary non-chiral two-form (which of course has a lagrangian description) [5]. Sofar, this procedure has mostly been carried through with a functional integral formalism in six-dimensional spaces with euclidean signature. This means that the duality operator acting on three-forms squares to minus the identity and thus acts as a complex structure. Objects pertaining to the chiral and the anti-chiral subsector of the theory are then characterized by being holomorphic and anti-holomorphic respectively with respect to this complex structure [6].

– 1 –

This ‘holomorphic factorization’ approach in euclidean space is however not quite satisfactory. Indeed, chiral two-forms (and the symplectic Majorana spinors that are also part of the tensor multiplets) really only exist in space-times of Minkowski signature. It would therefore be desirable to directly construct the quantum theory of a chiral two-form on such a space-time. Formally, one could also here work with a functional integral formalism, but in practice this would have to be viewed as a Wick rotation of a euclidean functional integral, and could thus only be carried through on a space-time Y that is a direct product of time R and a spatial five-manifold M endowed with some smooth riemannian metric g, i.e.

Y = R × M . (1.1)

A more serious objection is maybe that it is unclear to what extent the functional integral formalism can be applied to the case of the interacting (2, 0) theories, where we do not even know whether a description in terms of a set of fields is possible or not. In this paper, we will therefore instead use the canonical formalism (which of course also limits us to space-times Y of the same form as in (1.1)) to describe the quantum theory of a chiral two-form. This means that we should construct the Hilbert space of the theory, describe what the observables are, and define how the corresponding linear operators act on the Hilbert space. This way of describing a quantum theory should be sufficiently general to allow generalization to the interacting (2, 0) theories. The present paper possibly appears as rather pedantic, and some of the results have already appeared in a different form in the literature, but we still hope that our methods will prove useful for future developments, in particular for understanding the coupling of a chiral theory to external currents.

Our approach to the problem of defining the quantum theory of a chiral two-form is again to view this theory as a subsector of the theory of a non-chiral two-form gauge field B. For the latter theory, it is straightforward to construct its Hilbert space V and describe the action of the observable operators on it. The observables that we will be considering in this paper correspond to the ‘electric’ field-strength two-form G, the ‘magnetic’ fieldstrength three-form H, the hamiltonian H, and finally the exponentiated holonomy or Wilson surface observable W (Σ) of the two-form gauge-field around a spatial two-cycle Σ. These quantities are given by

G = Ḃ (1.2) H = dB , (1.3) H = 1 8π ∫ M (G ∧ ∗G + H ∧ ∗H) , (1.4) and W (Σ) = exp i ∫ Σ B . (1.5)

(Here a dot denotes the derivative with respect to time, d is the exterior derivative on M, and * denotes the Hodge duality operator that derives from the metric g on M and maps two-forms and three-forms on M into each other. We work in the gauge e · B = 0, where e is the vector field that generates time translations.) The quantities G, H, and H are real and correspond to hermitean operators, whereas W (Σ) is U(1)-valued and corresponds to a unitary operator.

– 2 –

Since the non-chiral two-form theory is free, one would expect its Hilbert space V to be the tensor product of the Hilbert spaces V_+ and V_− of the chiral and anti-chiral theories. It will turn out, however, that because of a subtle correlation between these sectors, V is rather a subspace of V_+ ⊗ V_−, i.e.

V ⊂ V_+ ⊗ V_− . (1.6)

One would also expect that the observable operators G, H, H and W (Σ) can be decomposed into operators acting within V_+ or V_− as

G = G_+ + G_− (1.7) H = H_+ + H_− , (1.8) H = H_+ + H_− , (1.9) and W (Σ) = W_+(Σ)W_−(Σ) . (1.10)

As we will see, this is indeed true, provided that we regard W_+(Σ) and W_−(Σ) as elements of the sets of unitary operators on V_+ and V_− modulo ±1. (Their product W (Σ) is welldefined as a unitary operator on V, though.)

We end this introduction by discussing the choice of spatial five-manifold M that we will work on. As usual in quantum mechanics, it is convenient to work on a compact manifold M, so that various operators have discrete rather than continuous spectra with normalizable eigenvectors that form a complete set. The simplest possibility is then of course a topologically trivial compact M. However, if one later wishes to couple the theory to prescribed magnetic currents supported on some one-dimensional strings, one will effectively remove the locus of these strings from M and thus create a (non-compact) space with homologically non-trivial three-cycles. It is therefore natural to include the effects of non-trivial spatial topology already now. In this paper, we will consider a compact manifold M with non-trivial second and third homology groups, which for simplicity we take to be torsion-free, i.e.

H_2(M, Z) ≃ H_3(M, Z) ≃ Z^b (1.11)

for some integer b. We endow M with a smooth riemannian metric g.

2. The phase space

To quantize the theory of a non-chiral two-form gauge field B, it is important to note that B is only locally (i.e. over a single coordinate patch) a two-form. Globally, it is rather a connection on a 1-gerbe over the space-time manifold (1.1), and may thus undergo a gauge transformation B → B + ΔB from one coordinate patch to another. The gauge parameter ΔB is here a closed two-form such that the de Rham cohomology class [ΔB/2π] is the image of an integer class on the overlap of the two coordinate patches.

We may now proceed with a standard canonical analysis starting from a covariant lagrangian of Maxwell type. We choose the gauge e · B = 0, where e is the vector field

– 3 – that generates time translations. The remaining dynamical variable is then the restriction of B to M at some time t, which we henceforth denote just B. The canonical momentum conjugate to B is some multiple of the two-form

G = Ḃ , (2.1)

i.e. the electric field strength. This means that the equal time Poisson bracket { · , · } between functionals of B only or functionals of G only vanish, whereas {∫ Σ B, ∫ M G ∧ ∗α } = 4π ∫ Σ α (2.2)

for an arbitrary two-cycle Σ and an arbitrary two-form α on M. In terms of

H = dB , (2.3)

i.e. the magnetic field strength, we have that the Poisson bracket between functionals of B only or functionals of H only vanish, whereas {∫ M H ∧ ∗β, ∫ M G ∧ ∗α } = 4π ∫ M β ∧ ∗dα (2.4) for an arbitrary two-form α and an arbitrary three-form β on M. It is important for the sequel that we choose the coupling constant in the lagrangian so that the numerical constant in the right hand side of these expressions takes precisely the value 4π. The hamiltonian H is then given by (1.4).

The phase-space of this system is the space of connections B, modulo gauge transformations, that satisfy the generalized Maxwell equations Ġ = −d^∗H Ḣ = dG d^∗G = 0 dH = 0 . (2.5)

One must remember, though, that two gauge inequivalent connections may differ by a ‘flat’ connection, in which case they have the same electric and magnetic fields strengths. To distinguish them, we will, in addition to the field strengths G and H, specify also the holonomy ∫

[Σ]^0

B (2.6)

of B around a particular chosen representive [Σ]^0 of each homology class [Σ] ∈ H_2(M, Z). Because of the gauge ambiguity of B, this holonomy is well-defined only as an element of R/2πZ, i.e. exp i ∫ Σ_0 B is a well-defined element of U(1). The Wilson surface observable

W (Σ) of an arbitrary two-cycle Σ = [Σ]^0 + ∂D (2.7)

– 4 – in the homology class [Σ] ∈ H_2(M, Z) can now be written in terms of these phase space variables as W (Σ) = exp i ∫ Σ B = exp i ∫ [Σ]^0

B exp i ∫ D H , (2.8) where we have used Stokes’ theorem. Note that three-chain D is only defined modulo a three-cycle by (2.7), but the periods of the magnetic field strength H over such a three-cycle is a multiple of 2π, so W (Σ) is still well-defined as a U(1)-valued function of Σ.

By the Hodge theorem, the last two equations in (2.5) imply that we may write G and H as G = G^0 + G^′ H = H^0 + H^′ , (2.9) where G_0 and H_0 are harmonic two- and three-forms respectively, G^′ is a coexact two-form, and H^′ is an exact three-form. The hamiltonian decomposes accordingly as H = H^0 + H^′ (2.10) with H^0 = 1 8π ∫ M ( G^0 ∧ ∗G^0 + H^0 ∧ ∗H^0 )

H^′ = 1 8π ∫ M ( G^′ ∧ ∗G^′ + H^′ ∧ ∗H^′ ) . (2.11) Similarly, the Wilson surface observable decomposes as W (Σ) = W^0(Σ)W^′(Σ) (2.12) with W^0(Σ) = exp i ∫ [Σ]^0

B exp i ∫ D H^0 W^′(Σ) = exp i ∫ D H^′ . (2.13) In fact, the Hilbert space V is a tensor product of Hilbert spaces V^0 and V^′ corresponding to the harmonic and non-harmonic modes respectively: V = V^0 ⊗ V^′ . (2.14) The decomposition into chiral and anti-chiral sectors described in the introduction can be carried through separately for the harmonic and non-harmonic modes. 3. The harmonic modes In this section, we will construct the quantum Hilbert space V^0 corresponding to the classical phase-space variables H^0, G^0 and exp i ∫ [Σ]^0 B,where again H

0 and G^0 are the harmonic

– 5 – parts of the magnetic and electric field strengths, and exp i ∫ [Σ]^0 B is the exponentiated

holonomy around a chosen representative [Σ]^0 of each homology class [Σ] ∈ H_2(M, Z).

We have already mentioned the fact that the periods of H are multiples of 2π, already at the classical level. Since the periods of the exact three-form H^′ are trivial, this means that H^0 = 2πm^0 , (3.1)

where m^0 denotes the unique harmonic representative of the de Rham cohomology class that is the image of a class m ∈ H^3(M, Z). In the quantum theory, this equation is interpreted as a statement about the spectrum of the corresponding operator-valued threeform.

Classically, G^0 can be an arbitrary harmonic two-form, and ∗G^0 is thus an arbitrary harmonic three-form. In the quantum theory, the eigenvalues of the corresponding operator-valued three-form are of the form

∗G^0 = 4πn^0 , (3.2)

where n^0 denotes the unique harmonic representative of the de Rham cohomology class that is the image of a class n ∈ H^3(M, Z). To see this, we take the two-cycle Σ in (2.2) to equal the chosen representative [Σ]^0 for some [Σ] ∈ H_2(M, Z), and take α to equal 1/4π times the harmonic two-form that is dual to [Σ]^0. We then get that {∫ [Σ]^0 B, ∫ M ∗G^0 ∧ α } = 1 , (3.3)

i.e. ∫ M ∗G^0 ∧ α is the canonically conjugate momentum of ∫ [Σ]^0 B. But the latter phase-

space variable is periodic with period 2π, so as usual in quantum theory the spectrum of ∫ M ∗G_0 ∧ α is quantized in integer units, from which statement (3.2) follows.

The operators H^0 and ∗G^0 commute, so as an orthonormal basis in the Hilbert space V^0 we may choose their simultaneous eigenvectors |m, n⟩ , (3.4) where m, n ∈ H^3(M, Z). The corresponding eigenvalues are given by (3.1) and (3.2) respectively. These states are also eigenstates of the hamiltonian with eigenvalues

H^0 = 2π ∫ M ( 1 4 m^0 ∧ ∗m^0 + n^0 ∧ ∗n^0 ) . (3.5)

Finally we should describe the action of the Wilson surface observable operator W^0(Σ) on these states. From the above, it follows that W^0(Σ) |m, n⟩ = |m, n + 1⟩ exp 2πi ∫ D m^0 . (3.6)

Again, although the three-chain D is only well-defined modulo a three-cycle by (2.7), the integral of m^0 over D is well-defined modulo an integer, so W^0(Σ) is a well-defined unitary operator that only depends on Σ.

– 6 –

We will now describe how the Hilbert space V^0 can be viewed as a subspace of V^0_+ ⊗ V^0_−, where V^0_+ and V^0_− are Hilbert spaces pertaining to the chiral and anti-chiral theories respectively. We first note that, by our assumption about M, H^3(M, Z_2) is simply the mod 2 reduction of H^3(M, Z). We let [k] ∈ H^3(M, Z_2) denote the mod 2 reduction of an element k ∈ H^3(M, Z). We also choose some fixed lifting a ∈ H^3(M, Z) of elements a ∈ H^3(M, Z_2). (This means that [a] = a for all a ∈ H^3(M, Z_2).) The spaces V^0_+ and V^0_− are spanned by the orthonormal states

|k_+, a_+⟩ (3.7) and |k_−, a_−⟩ (3.8) respectively, where k_+, k_− ∈ H^3(M, Z) and a_+, a_− ∈ H^3(M, Z_2). The space V^0 is now isomorphic to the subspace V̂ ⊂ V^0_+ ⊗ V^0_− given by states of the form

|k_+, a_+⟩ ⊗ |k_−, a_−⟩ (3.9)

subject to the conditions

[k_+] = [k_−] a_+ = a_− . (3.10)

The isomorphism between V and V̂ is given by |m, n⟩ = |k_+, a_+⟩ ⊗ |k_−, a_−⟩ , (3.11) where

m = k_+ + k_− + a_+ n = 1 2 (k_+ − k_−) (3.12)

or equivalently

k_+ = n + 1 2 ( m − [m] )

k_− = −n + 1 2 ( m − [m] ) a_+ = [m] a_− = [m] . (3.13)

This construction is justified by showing how the various observable operators can be decomposed into contributions acting within V_+ or V_−. Beginning with the electric and magnetic field strengths, we have G^0 = G^0_+ + G^0_− and H^0 = H^0_+ + H^0_−. The states |k_+, a_+⟩ are eigenstates of ∗G^0_+ and H^0_+ with eigenvalues

∗G^0_+ = π(2k_+ + a_+)^0 H^0_+ = π(2k_+ + a_+)^0 , (3.14)

– 7 – so ∗G^0_+ = H^0_+ on the Hilbert space V^0_+ of the chiral theory. (Superscript^0 on a class in H^3(M, Z) denotes the unique harmonic representative of the corresponding de Rham cohomology class.) Similarly, the states |k_−, a_−⟩ are eigenstates of ∗G^0_− and H^0_− with eigenvalues

∗G^0_− = −π(2k_− + a_−)^0 H^0_− = π(2k_− + a_−)^0 , (3.15)

so that ∗G^0_− = −H^0_− on V^0_− as is appropriate for the anti-chiral theory. One should note that the periods of H^0_+ and H^0_− may be half-integer multiples of 2π as in [7]. The states |k_+, a_+⟩ and |k_−, a_−⟩ are also eigenstates of the hamiltonians of the chiral and anti-chiral theories respectively with eigenvalues

H^0_+ = π 4 ∫ M (2k_+ + a_+)^0 ∧ ∗(2k_+ + a_+)^0

H^0_− = π 4 ∫ M (2k_− + a_−)^0 ∧ ∗(2k_− + a_−)^0 (3.16)

so that indeed H^0 = H^0_+ +H^0_−. Finally we decompose the Wilson surface observable W^0(Σ) as W^0(Σ) = W^0_+(Σ)W^0_−(Σ) with

W^0_+(Σ) |k_+, a_+⟩ = |k_+ + 1, a_+⟩ exp iπ ∫ D (2k_+ + a_+)^0

W^0_−(Σ) |k_−, a_−⟩ = |k_− − 1, a_−⟩ exp iπ ∫ D (2k_− + a_−)^0 . (3.17)

But since D is only well-defined modulo a three-cycle by (2.7), W^0_+(Σ) and W^0_−(Σ) are only well-defined as unitary operators modulo ±1. However, their product W^0(Σ) is of course well-defined as a unitary operator on V̂ ≃ V, since a_+ = a_− on this space.

Finally, we note that V^0_+ may be decomposed as

V^0_+ = ⨁ a_+∈H^3(M,Z) V^0_{a+} , (3.18)

where V^0_{a+} is spanned by states of the form (3.7) for k_+ ∈ H^3(M, Z). The observables that we have been considering do not mix these subspaces, each of which could thus be interpreted as the Hilbert space of a different version of the chiral theory. The fact that there are inequivalent chiral theories was first seen on a general six-dimensional space-time in [5], where it was pointed out that there is no canonical way of picking one of the theories. In our case, where the six-dimensional general covariance is explicitly broken by the form of the space-time (1.1), there is however a distingished theory, namely the a_+ = 0 theory.

4. The non-harmonic modes

We now turn our attention to the phase-space variables G^′ and H^′, i.e. the coexact part of the electric field strength and the exact part of the magnetic field strength respectively. Our aim is to construct the Hilbert space V^′_+ of the chiral sector of the theory and describe the action of the various observable operators on it.

– 8 –

To begin with, we will discuss the spectra of the laplacians

Δ^{(2)}_{coexact} = dd^∗ + d^∗d = d^∗d Δ^{(3)}_{exact} = dd^∗ + d^∗d = dd^∗ (4.1)

acting on coexact two-forms and exact three-forms on M respectively. They can be described as follows: The eigenvalues of both laplacians are of the form ω^2 for ω ∈ Ω, where Ω is some discrete set of positive numbers. For each ω ∈ Ω there are two linearly independent coexact two-forms G_ω and Ĝ_ω that are eigenvectors of Δ^{(2)}_{coexact} and two linearly independent exact three-forms H_ω and Ĥ_ω that are eigenvectors of Δ^{(3)}_{exact}. We can choose them to fulfill the orthonormality conditions ∫ M G_ω ∧ ∗G_ω′ = δ_{ωω}′ ∫ M Ĝ_ω ∧ ∗Ĝ_{ω′} = δ_{ωω′} ∫ M G_ω ∧ ∗Ĝ_ω′ = 0 (4.2) and ∫ M H_ω ∧ ∗H_ω′ = δ_{ωω}′ ∫ M Ĥ_ω ∧ ∗Ĥ_{ω′} = δ_{ωω′} ∫ M H_ω ∧ ∗Ĥ_ω′ = 0. (4.3)

There are also the corresponding completeness relations of G_ω and Ĝ_ω for ω ∈ Ω in the space of coexact two-forms, and H_ω and Ĥ_ω for ω ∈ Ω in the space of exact three-forms. The forms G_ω, Ĝ_ω, H_ω and Ĥ_ω are related to each other in the following way: 1 ω ∗d G_ω^{←−}−→ Ĝ_ω −^1_ω ∗d 1 ω d ↓↑^1_ω d^{∗ 1}_ω d ↓↑^1_ω d^∗ 1 ω d∗ H_ω^{←−}−→ Ĥ_ω −^1_ω d∗

(4.4)

Thus H_ω = ∗Ĝ_ω and Ĥ_ω = − ∗ G_ω.

We can now write the general solution to the equations (2.5) in the form (2.9) with

G^′ = ∑ ω∈Ω ( (a_ω cos ωt − b_ω sin ωt) G_ω + ( â_ω cos ωt − b̂_ω sin ωt ) Ĝ_ω )

H^′ = ∑ ω∈Ω ( (a_ω sin ωt + b_ω cos ωt) H_ω + ( â_ω sin ωt + b̂_ω cos ωt ) Ĥ_ω ) , (4.5)

– 9 – where a_ω, b_ω, â_ω and b̂_ω are arbitrary constants. In particular, at time t = 0, we have

G^′|_{t=0} = ∑ ω∈Ω ( a_ωG_ω + â_ωĜ_ω )

H^′|_{t=0} = ∑ ω∈Ω ( b_ωH_ω + b̂_ωĤ_ω ) , (4.6)

so that

a_ω = ∫ M G ∧ ∗G_ω b_ω = ∫ M H ∧ ∗H_ω â_ω = ∫ M G ∧ ∗Ĝ_ω b̂_ω = ∫ M H ∧ ∗Ĥ_ω (4.7)

with the integrals evaluated at t = 0. It then follows from (2.2) that the only non-vanishing Poisson brackets between the variables a_ω, b_ω, â_ω and b̂_ω are {a_ω, b_ω′ } = −4πωδ_{ω,ω}′ { â_ω, b̂_ω′ } = −4πωδ_{ω,ω}′ . (4.8) In order to disentangle the chiral and anti-chiral sectors of the theory, we introduce the linear combinations c^+_ω , c^−_ω , ĉ^+_ω , and ĉ^−_ω defined by

c^±_ω = 1 √ 2 (a_ω ∓ b̂_ω)

ĉ^±_ω = 1 √ 2 (â_ω ± b_ω) . (4.9)

The only non-vanishing Poisson brackets between these variables are { c^+_ω , ĉ^+_{ω′} } = −4πωδ_{ω,ω}′ { c^−_ω , ĉ^−_{ω′} } = 4πωδ_{ω,ω}′ . (4.10) We can now decompose the electric and magnetic field strengths into contributions from the chiral and anti-chiral sectors of the theory, i.e. G^′ = G^′_+ + G^′_− and H^′ = H^′_+ + H^′_−, where

H^′_+ = 1 √ 2 ∑ ω∈Ω (( ĉ^+_ω cos ωt + c^+_ω sin ωt ) H_ω + ( −c^+_ω cos ωt + ĉ^+_ω sin ωt )^ H_ω )

G^′_+ = 1 √ 2 ∑ ω∈Ω (( c^+_ω cos ωt −ĉ^+_ω sin ωt ) G_ω + ( ĉ^+_ω cos ωt + c^+_ω sin ωt )^ G_ω ) (4.11) and H^′_− = 1 √ 2 ∑ ω∈Ω (( −ĉ^+_ω cos ωt + c^+_ω sin ωt ) H_ω + ( c^+_ω cos ωt + ĉ^+_ω sin ωt )^ H_ω )

G^′_− = 1 √ 2 ∑ ω∈Ω (( c^+_ω cos ωt + ĉ^+_ω sin ωt ) G_ω + ( ĉ^+_ω cos ωt − c^+_ω sin ωt )^ G_ω ) . (4.12)

– 10 –

We see that indeed ∗G^′_+ = H^′_+ and ∗G^′_− = −H^′_− as desired. The hamiltonian also decomposes as H^′ = H^′_+ + H^′_−, where

H^′_+ = 1 8π ∑ ω∈Ω ( (c^+_ω )^2 + (ĉ^+_ω )^2 )

H^′_− = 1 8π ∑ ω∈Ω ( (c^−_ω )^2 + (ĉ^−_ω )^2 ) . (4.13)

Finally, we decompose the Wilson surface observable as W^′(Σ) = W^′_+(Σ)W^′_−(Σ), where

W^′_+(Σ) = exp i ∫ D H^′_+

= exp i √ 2 ∑ ω∈Ω 1 ω ∫ Σ−[Σ]^0 (( ĉ^+_ω cos ωt + c^+_ω sin ωt ) G_ω + ( −c^+_ω cos ωt + ĉ^+_ω sin ωt )^ G_ω )

W^′_−(Σ) = exp i ∫ D H^′_− (4.14)

= exp i √ 2 ∑ ω∈Ω 1 ω ∫ Σ−[Σ]^0 (( −ĉ^−_ω cos ωt + c^−_ω sin ωt ) G_ω + ( c^−_ω cos ωt + ĉ^−_ω sin ωt )^ G_ω ) .

Here we have used the exactness of H_ω and Ĥ_ω to write W^′_+(Σ) and W^′_−(Σ) in a form where it is manifest that the choice of D fulfilling (2.7) is immaterial.

By the usual procedure of canonical quantization, real functions on the classical phase space correspond to hermitean operators on the quantum Hilbert space, with the operator commutator [ · , · ] related to the Poisson bracket as i{ · , · }. We will now carry out this procedure for the chiral sector of the theory. We introduce the annihilitation operators α_ω and their hermitean conjugates the creation operators α^†_ω for ω ∈ Ω as

α_ω = 1 √ 8πω (c^+_ω + iĉ^+_ω )

α^†_ω = 1 √ 8πω (c^+_ω − iĉ^+_ω ) . (4.15)

They obey the harmonic oscillator commutation relations

[α_ω, α_ω′ ] = 0 [α^†_ω, α^†_{ω′} ] = 0 [α_ω, α^†_ω′ ] = δ_{ω,ω}′ . (4.16)

This algebra can be represented on a Hilbert space with basis vectors of the form |{n_ω}⟩ = ⨂ ω∈Ω |n_ω⟩ = ⨂ ω∈Ω ( α^†_ω )_{nω} |0⟩ , (4.17)

where the n_ω are non-negative integers. These states are eigenvectors of the normal-ordered occupation-number operators N_ω = α^†_ωα_ω with eigenvalues n_ω.

– 11 –

We now turn to the construction of observable operators that act on this Hilbert space. The magnetic and electric field strength operators are straightforward:

H^′_+ = ∑ ω∈Ω √ πω ( α^†_ωe^{−iωt}(−Ĥ_ω + iH_ω) + α_ωe^{iωt}(−Ĥ_ω − iH_ω) )

G^′_+ = ∑ ω∈Ω √ πω ( α^†_ωe^{−iωt}(G_ω + iĜ_ω) + α_ωe^{iωt}(G_ω − iĜ_ω) ) . (4.18)

Being bilinear in the field strengths, the Hamilton operator suffers from an ordering ambiguity. We fix this by the usual choice of zero-point energy so that

H^′_+ = ∑ ω∈Ω ω ( N_ω + 1 2 ) . (4.19)

The exponentiated holonomy operator of course suffers from a more serious ordering problem. In this paper, we will define it as

W^′_+(Σ) = exp i ∫ D H^′_+ (4.20)

with H^′_+ given by (4.18). Again, we may of course use the exactness of H^′_+ to write W^′_+(Σ) in form where the apparent dependence on a choice of D disappears.

By construction, W^′_+(Σ) is formally unitary, i.e.

W^′_+(Σ)(W^′_+(Σ))^† = (W^′_+(Σ))^†W^′_+(Σ) = 1. (4.21)

If we introduce a second two-cycle Σ^′ = [Σ^′]^0 + ∂D^′, the operators W^′_+(Σ), W^′_+(Σ^′), and W^′_+(Σ + Σ^′) fulfill an interesting algebra. To investigate this, we start by computing the commutator of the operators ∫ D H^′_+ and ∫ D^′ H ′ +: [∫ D H^′_+ ∫ D^′ H^′_+ ] = 2πi ∑ ω∈Ω ω (∫ D H_ω ∫ D^′ Ĥ_ω − ∫ D Ĥ_ω ∫ D^′ H_ω )

= 2πi ∑ ω∈Ω (∫ D H_ω ∫ D^′ d ∗ H_ω + ∫ D Ĥ_ω ∫ D^′ d ∗ Ĥ_ω )

= 2πi ∑ ω∈Ω (∫ D H_ω ∫ Σ^′−[Σ^′]^0 ∗H_ω + ∫ D Ĥ_ω ∫ Σ^′−[Σ^′]^0 ∗Ĥ_ω )

= 2πi ∑ ω∈Ω (∫ M ∗P_D ∧ ∗H_ω ∫ M P_Σ′_{−[Σ}′_]0 ∧ ∗H_ω+ + ∫ M ∗P_D ∧ ∗Ĥ_ω ∫ M P_Σ′_{−[Σ}′_]0 ∧ ∗Ĥ_ω )

= 2πi ∫ M P_D ∧ P_Σ′_{−[Σ}′_]0

= 2πiD · (Σ^′ − [Σ^′]^0) = 2πiL(Σ − [Σ]^0, Σ^′ − [Σ^′]^0). (4.22)

In the fourth line, we have introduced the Poincaré duals P_D and P_Σ′_{−[Σ}′_]0 of D and Σ^′ − [Σ^′]^0 respectively, and in the next line we have used the completeness relation of H_ω

– 12 – and Ĥ_ω for ω ∈ Ω in the space of exact three-forms on M. In the sixth line, D · (Σ^′ − [Σ^′]^0) denotes the intersection number of D and Σ^′ − [Σ^′]^0, which by definition equals the linking number L(Σ−Σ^0, Σ^′ −[Σ^′]^0) of Σ−[Σ]^0 and Σ^′ −[Σ^′]^0. This is an integer, so the commutator we have calculated is a multiple of 2πi. (Essentially the same calculation was performed in [8] for the case when M is flat euclidean five-space.) It now follows from the Baker- Hausdorff formula that

W^′_+(Σ)W^′_+(Σ^′) = W^′_+(Σ^′)W^′_+(Σ) = (−1)^{L(Σ−[Σ]0,Σ′−[Σ′]0)}W^′_+(Σ + Σ^′) , (4.23)

i.e. W^′_+(Σ) and W^′_+(Σ^′) commute, and their product is up to a sign equal to W^′_+(Σ + Σ^′). One should note that this sign in the multiplication law appears also on a manifold M of trivial topology, in contrast to the sign ambiguity in the definition of W^0_+(Σ) on a topologically non-trivial M that we discussed in the previous section. Altogether, on a topologically non-trivial manifold, we should think of the complete operator W_+(Σ) = W^0_+(Σ)W^′_+(Σ) as an element of the set of unitary operators modulo ±1, in which case the the sign factor in the multiplication law (4.23) of course is irrelevant.

Finally, we will briefly discuss the divergences of the operator W^′_+(Σ). This operator is trivially a product over ω ∈ Ω of commuting factors W^′_ω(Σ). Each of these may by the Baker-Hausdorff formula be rewritten as a product of an hermitean c-number pre-factor, a factor involving the creation operator α^†_ω, and a factor involving the annihilation operator α_ω (in that order). It is then clear that W^′_ω(Σ) has finite matrix elements ⟨n_ω| W^′_ω(Σ) |n^′_ω⟩ (which for the case of n_ω = n^′_ω = 0 equals the c-number prefactor). However, the infinite product over ω ∈ Ω will in general diverge. To get a finite result, one would have to regulate the product (e.g. by introducing some kind of cutoff on ω) and then modify the definition of W^′(Σ) by including some hermitean c-number factor so that the regulator may be removed. Some of the formal properties of W^′(Σ), such as its unitarity and also its scale invariance, will be lost in this process, though. (See [9] for a related discussion on the Weyl anomaly of Wilson surface observables in the non-chiral theory.)

Acknowledgments

This research was supported by the Swedish Research Council.

References

[1] E. Witten, Some comments on string dynamics, hep-th/9507121.

[2] A. Strominger, Open p-branes, Phys. Lett. B 383 (1996) 44 [hep-th/9512059].

[3] O. Aharony, A brief review of ‘Little string theories’, Class. and Quant. Grav. 17 (2000) 929 [hep-th/9911147].

[4] N. Seiberg, Notes on theories with 16 supercharges, Nucl. Phys. 67 (Proc. Suppl.) (1998) 158 [hep-th/9705117].

[5] E. Witten, Five-brane effective action in M-theory, J. Geom. Phys. 22 (1997) 103 [hep-th/9610234].

– 13 –

[6] M. Henningson, B.E.W. Nilsson and P. Salomonson, Holomorphic factorization of correlation functions in (4k + 2)-dimensional (2k)-form gauge theory, J. High Energy Phys. 09 (1999) 008 [hep-th/9908107].

[7] E. Witten, Duality relations among topological effects in string theory, J. High Energy Phys.

05 (2000) 031 [hep-th/9912086].

[8] M. Henningson, Commutation relations for surface operators in six-dimensional (2,0) theory, J. High Energy Phys. 03 (2001) 011 [hep-th/0012070].

[9] M. Henningson and K. Skenderis, Weyl anomaly for Wilson surfaces, J. High Energy Phys.

06 (1999) 012 [hep-th/9905163].

– 14 –